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Abstract
As a part of our study on the SU(n) gauge theory with explicit gauge field mass term this paper
is devoted to form the Gupta-Bleuler subspace of the initial-final states in the scattering process.
PACS numbers: 03.65.Db, 03.80.+r, 11.20.Dj
We proved in Ref. [1] that the explicit gauge field term is harmless to the renormalisability of the
SU(n) gauge theory. Furthermore we developed a method in in Ref. [2] to construct the scattering matrix
with the renormalized field functions as basical variables. In this paper we will show how to form the
Gupta-Bleuler subspace of the initial-final states in the scattering process.
As was pointed out in section 2, the particles in the initial or final states are described by the following
Lagrangian and Lorentz condition:
L0 = −
1
4
F [0]aµνF
[0]µν
a +
1
2
M2AaµA
µ
a + Lψ −
(
∂µωa(x)
)
∂µωa(x) , (1)
∂µAaµ = 0 , (2)
where Aaµ, ωa, ωa stand for the renormalized gauge and ghost field functions. M is the renormalized
mass parameter of the gauge fields. F
[0]
aµν is defined by
F [0]aµν(x) = ∂µAaν(x)− ∂νAaµ(x) . (3)
According to the operator description of Ref. [2] we should keep the ghost term in equation (1) and form
the initial-final state subspace by following the Gupta-Bleuler quantization method. To this end we first
1
use the Lorentz and modify (1) into
L˜0(x) = LGB(x) +
1
2
M2Aaµ(x)A
µ
a(x) + Lψ(x) −
(
∂µωa(x)
)
∂µωa(x) , (4)
where LGB(x) is a Gupta–Bleuler Lagrangian
LGB(x) = −
1
4
F [0]aµνF
[0]µν
a −
1
2
(
∂µAaµ
)2
.
Then we disregard the Lorentz condition and perform a canonical quantization with L˜0(x) and define the
corresponding Hamiltonian operator H0 and field operators. Moreover we have to choose the so-called
physical states and define a physical initial-final state subspace with the help of the Lorentz condition
and the residual symmetry. We certainly expect the ghost particles to be excluded from appearing in the
initial-final states.
Assume that the operators of ωa(x) are anti-hermitian and therefore the operators of ωa(x) is hermi-
tian. Let ω
(1)
a (x), ω
(2)
a (x) stand for ωa(x), iωa(x) and Π
(1)
a , Π
(2)
a , Πaµ stand for the canonical momenta
conjugate to ω
(1)
a (x), ω
(2)
a (x), Aµa respectively. Thus the operators of these quantities in the Schrodinger
picture are
Aaµ(x) =
∫
d3k√
2Ω(2pi)3
[
aaµ(k)e
ik·x + a†aµ(k)e
−ik·x
]
, (5)
Πaµ(x) =
∫
id3k√
(2pi)3
√
Ω
2
[
aaµ(k)e
ik·x − a†aµ(k)e
−ik·x
]
, (6)
ω(1)a (x) =
∫
d3k√
2|k|(2pi)3
[
Ca(k)e
ik·x + C
†
a(k)e
−ik·x
]
, (7)
Π(1)a (x) =
∫
(−i)d3k√
(2pi)3
√
|k|
2
[
Ca(k)e
ik·x + C†a(k)e
−ik·x
]
, (8)
ω(2)a (x) =
∫
(−i)d3k√
2|k|(2pi)3
[
Ca(k)e
ik·x − C†a(k)e
−ik·x
]
, (9)
Π(2)a (x) =
∫
d3k√
(2pi)3
√
|k|
2
[
Ca(k)e
ik·x − C
†
a(k)e
−ik·x
]
, (10)
H0 = −g
µν
∫
d3kΩ(|k|)a†aµ(k)aaν(k) +
∫
d3k|k|
{
C
†
a(k)Ca(k) + C
†
a(k)Ca(k)
}
+H0ψ , (11)
where
Ω(|k|) =
√
M2 + |k|2 , (12)[
aaµ(k), a
†
bν(k
′)
]
= −gµνδabδ
3(k − k′) , (13)[
aaµ(k), abν(k
′)
]
=
[
a†aµ(k), a
†
bν(k
′)
]
= 0 , (14)
2
[
Ca(k), C
†
b (k
′)
]
+
=
[
Ca(k), C
†
b(k
′)
]
+
= δabδ
3(k− k′) , (15)[
Ca(k), Cb(k
′)
]
+
=
[
Ca(k), Cb(k
′)
]
+
=
[
Ca(k), Cb(k
′)
]
+
=
[
Ca(k), C
†
b(k
′)
]
+
=
[
Ca(k), C
†
b (k
′)
]
+
= 0 . (16)
The restriction of the Lorentz condition on a physical state |Ψph〉 can be expressed as
kµaaµ(k)|Ψph〉 = 0 (k
0 = Ω(|k|)) . (17)
For a single particle state with the polarization vector εµ(k)
εµ(k, λ)a†aµ(k)|0〉 (18)
Eq. (17) gives
kµε
µ(k, λ) = 0 . (19)
According to this condition two transversal polarization states (λ = 1, 2) and a longitudinal polarization
state (λ = 3) are allowed to be present for each k.
Since ∂µ∂µωa(x) = 0 the theory we are treating is invariant under the infinitesimal transformation
δAaµ(x) = δζ∂µωa(x) , δωa(x) = 0 , δωa(x) = 0 , δψ(x) = 0 , (20)
where δζ is an infinitesimal fermionic real constant. Similarly, since ∂µ∂µωa(x) = 0 the theory is also
invariant under the transformation
δAaµ(x) = δζ∂µωa(x) , δωa(x) = 0 , δωa(x) = 0 , δψ(x) = 0 . (21)
This is the residual symmetry mentioned above. Under such a kind of transformations a physical state
should become an equivalent state. Particularly εµ(k, λ)δa†aµ(k)|0〉 should be equivalent to zero, where
δa†aµ(k) is determined by
δAaµ(x) = δζ
[
∂µωa
]
t=0
, (22)
or by
δAaµ(x) = δζ
[
∂µωa
]
t=0
. (23)
From (22), one has
δa†aµ(k) = iδζk˜µ
√
Ω/|k|C†a(k) . (24)
3
where the components of k˜µ are
k˜0 = |k| , k˜l = kl . (25)
Similarly from (23), one has
δa†aµ(k) = iδζk˜µ
√
Ω/|k|C
†
a(k) . (26)
It follows that C†a(k)|0〉 and C
†
a(k)|0〉 should be equivalent to zero.
In conclusion, the initial-final state subspace is formed by all the physical states. A physical state
can only contain material particles, transversal polarization or longitudinal polarization gauge Bosons
and does not contain ghost particles.
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